Introduction
properties in the effective harmonic oscillator and self-consistent field approximation based on the independent particle model [37, 57] . Since the free energy is a global property, optimization of it does not always produce the associated density matrix with uniform accuracy over the entire configurational space. This is the essential limitation of the FGB variational principle.
There have been several attempts [31, 35] have used McLachlan like variational principle [36] to determine the equations of motion. These approaches require numerical integration of the differential equations inherent in Eq. (3.2) to obtain the parameters of the gaussians from some starting temperature (T ), typically T = ∞.
The goal of the present work is to develop a McLachlan type variational principle [36] for the thermal density matrix that is free of numerical integration of ordinary diffrential equations for the parameters. In the process, we arrive at a variational principle that is based on the minimization of the error inρ rather than the free energy. By choosing a suitable anzatz for the density matrix, it is possible to derive a variational principle for the density matrix directly without going through the free energy route. Such a variational procedure is discussed in Sec. 3.2. We explore the reliability and the efficiency of the variational principle within the framework of a separable approximation to the density matrix in Sec.
3.3. Sec. 3.4 contains a few concluding remarks. We begin our analysis with the quantity, Upto this extent we have followed the route of the McLachlan variational principle [36] . At this point we posit the ansatz and, to first order,
Substituting Eq. (3.7) and (3.8) in to Eq. (3.5) and dividing with T r ρρ, we arrive at
Eq. (3.9) is the working equation for determining ρ by the present approach.
Note that, in the limit H → H 0 , the density matrix would be exact.
Eq. (3.9) is not manifestly hermitian. Consequently, in an approximate calculation, ρ may not turn out to be hermitian. Eq. (3.4) and (3.7) can be written
respectively. Similarly
From this we arrive at the symmetric form of Eq. (3.9).
Eq. (3.9) and Eq. (3.14) consist of a set of non-linear equations for the parameters appearing in the model Hamiltonian H 0 . This equation must be solved iteratively, from a set of guess values for the parameters in H 0 . Note that, these equations are algebric equations unlike the differential equations that appear in Ref. [31] and [35] .
General separable ansatz for ρ
We now turn to the parametrization of the model Hamiltonian H 0 . As essential requirement for defining H 0 is that, it should be possible to construct the associated density matrix easily. One such model Hamiltonian is the independent particle model Hamiltonian. 15) where each h k is an effective single particle Hamiltonian,
Here T k is the kinetic energy of the k th particle and U k (Q k ) is the corresponding potential energy term as a function of coordinate Q k . As a consequence, the density matrix assumes the multiplicatively separable form 17) where the effective single particle density matrix ρ k is defined as
Given the ansatz for H 0 and ρ, the working Eqs. (3.9) and (3.14) give identical results and yield
The algorithm for the calculation of the density matrix consists of the following steps. Starting from an initial set of single particle Hamiltonians and the associated eigenstates for each degree of freedom, one constructs U k from Eq. (3.19).
Given U k , one solves the eigenvalue problem,
From these, ρ k is obtained as,
The steps are iterated until the density matrix or some other associated property such as free energy converges. Note that the procedure is similar to the thermal self-consistent field theory [72] from FGB variational principle described with previous chapter. The primary difference between the two approaches is the weighing factor used to average the many body interaction in Eq. (3.19). In the present approach the statistical factor is ρ(2β) whereas in the FGB approach it is ρ(β).
Effective harmonic oscillator
In the last chapter, we have shown how the EHO approximation for thermal ansatz [72] worked well for vibrational systems. In this section we again test the reliability of the EHO approximation by the present method using the ansatz stated for thermal density matrix. As stated earlier, EHO is a special case of the VSCF theory where the effective potentials that define the single particle
Hamiltonians h k are restricted to quadratic terms, 
are the combitorial factors. Those arise when the averaged over terms are picked out of the product of the operators. The overall optimized thermal density matrix still satisfies Eq. (3.17).
Numerical studies
To assess the reliability of the new variational principle described above, we have implimented it for calculating thermal properties of a multidimensional anharmonic oscillators representing the vibrations of two polyatomic molecule F 2 O and H 2 O. The anharmonic potential energy surfaces are taken from the Ref. [64, 65] .
It is of the form
As a consequence of this, the single particle effective potentials by the separable ansatz corresponding to Eq. 3.19,
The working equations for the parameters u Once the thermal modals φ k n are obtained, they are used to construct the thermal density matrices associated with each normal mode (Eq. (3.21)), and the thermal traces required in Eq. (3.31) are evaluated using these density matrices.
Thus, Eq. (3.31) is explicitly given by
The working equations for the EHO model are presented in Eq. (3.23, 3.24).
Triatomics
To test the accuracy of the present approach, we have carried out converged full vibrational configurational interaction (FVCI) calculation to obtain the numerically converged properties. In the Fig. 3 .1, we plot free energy, A − A(0) (where
against temperature by the present method (SCF and EHO), FGB (SCF and EHO) and FVCI. As can be seen, the free energy by the present method resembles with FGB to a good extent, and it is difficult to distinguish them throughout the temperature range considered. At very high temperature it gives marginally higher value than the FGB approach. Note that, the FGB approximation specifically minimizes the free energy, whereas the present formalism optimizes the derivatives of the density matrix. The present results are very close behind the FVCI results, and the error is less than 2%-3% even at 1000K. In Fig. 4 .2 and 4.3 we present the internal energy (U − U (0)) and entropy (S − S (0) 
Equilibrium constants
We have calculated equilibrium constant (K eq ) using the present formalism for the SCF approach for the reaction
by the new variational principle. The equilibrium constant turns out to be 0.934 against the FGB of 0.937. It thus appears that the present approach can estimate the differences in the free energies as well as the FGB aproach.
Computational efficiency
We next explore the computational efficiency of the new approach against the FGB approach. As stated earlier, the new formalism is constructed such a way that it uses a statistical factor of ρ(2β) for the calculation of the temperature dependent effective single particle potential, whereas, FGB uses ρ(β). Consequently, we expect the calculation based on the new formalism converge rapidly than FGB for each target temperature. One simple parameter that reflects this convergence is the number of SCF iterations for both the methods. In Fig. 3.9, we present the number of iterations at a given temperature for formic acid dimer (FAD). It is a floppy molecule which ought to give good insight for our purpose. 
Conclusions
In this paper we have developed a new variational method for the thermal density matrices inspired by the McLachlan variational principle of time dependent quantum mechanics. The approach minimizes the trace of the mean square of the difference between the derivatives of the exact and model density matrices with respect to the parameters in the model Hamiltonian. As a consequence of the minimization of the mean squar error, the effective potentials that determine the thermal modals in the independent particle model for the density matrix are constructed as the thermal averages of the many body potential at 2β. The final density matrix is constructed at β however.
We have tested the validity of the new formalism to calculate the thermodynamic functions and thermal averages of Q and Q 2 and compared it with the well established FGB variational principle on two model systems. All the thermodynamic state functions such as free energy, internal energy and entropy calculated by the present approach gives almost identical results with FGB. The thermal averages of Q and Q 2 consistently underestimated.
Since the present theory is applied on a separable ansatz, the computational resources required for it scales almost linearly with the number of degrees of freedom. We have found that the present approach requires far fewer number of iterations to converge compared to the FGB approach.
